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Abstract—Support Vector Machines (SVMs) have been shown
to achieve high performance on classification-related tasks, and
are generally portable across domains. Because training time
for SVMs typically scales poorly as the size of the training
set increases, a great deal of effort has been dedicated to
reducing the time required to learn a classification model. Recent
work presented by Joachims in [1], and improved by Franc
and Sonnenburg in [2] and [3], makes use of a reformulation
of the SVM primal problem and cutting-plane approximation
algorithms to train linear SVMs in time linear with respect to the
size of the training set. In this paper, we observe an inefficiency
in the algorithms presented in the above works, and introduce a
modification which reduces training time for linear SVMs by up
to 40% when compared to the methods presented in [2] and [3].
Additionally, we analyze the effect that runtime parameters and
data set attributes have on the performance of our algorithms.

I. INTRODUCTION

WHEN using an SVM to classify objects, it must be
provided with training data. This consists of a set of

examples of the form (xi, yi), where each xi is a vector of
feature values (independent variables) taken from the space X ,
and yi is a class label (the dependent variable) taken from the
set Y . The idealized goal, then, is to come up with a function
g : X → Y such that for each i, g(xi) = yi. Throughout this
paper, n is the number of training examples, s the number of
features for each example, X = Rs, and k is the number of
distinct classes.

For binary classification, Y = {−1,+1}, and the SVM is bi-
ased to look for solutions of the form g(xi) = sgn(wTxi+b)
for fixed w ∈ Rf , b ∈ R (from [4]). For linearly separable
data sets, the goal is to find the choice of w which maximizes
the margin between the two classes. This is equivalent to min-
imizing ||w|| subject to the constraints yi(wTxi + b) ≥ 1 ∀i.

In general, the data is not linearly separable, so it is neces-
sary to introduce error terms ξi ≥ 0 for each training example.
The goal becomes to maximize the margin between classes
while also minimizing error on the training set. Using an L1-
loss function, this boils down to the following optimization
problem (from [5]):

minimize: 1
2w

Tw + C
n

∑n
i=1 ξi

subject to: yi(wTxi + b) ≥ 1− ξi ∀i, (1)

where C ∈ R is known as the regularization constant and
determines the relative importance of the two objectives.

One unfortunate result of this formulation is that because we
have with n error terms ξi, optimizing them takes O(n2) time,
making SVM training a very slow process on large data sets.
As a result, most well-known SVM solvers, such as LIBSVM

(http://www.csie.ntu.edu.tw/ cjlin/libsvm/), scale poorly as the
size of the training set increases.

Many multi-class solutions simply break the problem down
into a series of binary classification problems, and then create
a binary classifier to solve each of these. The simplest and
most common approach is referred to as one-against-all, which
trains one binary SVM, wy , for each class y ∈ Y , using as
input labels +1 if yi = y and −1 otherwise. The decision
function in this case is ypredicted = argmaxy∈Y(wT

y xi + by).
Other common techniques are known as one-against-one, half-
against-half and error-correcting output coding, described in
[6], [7] and [8], respectively. It is noted in [9] that for many
data sets, these approaches do not produce results that are as
good as coming up with a true multi-class solution.

In the multi-class approach presented in [10], instead of
one slack variable for each point in the training set, there
are k of them. Making the simplifying (and easily reversible)
assumption that each by = 0, let ξij denote the error of point
i with respect to class j, and wj denote the linear classifier
corresponding to class j. Then the optimization problem to be
solved is of the form:

minimize: 1
2

∑k
j=1 wT

j wj + C
∑n
i=1

∑k
j=1 ξij

subject to: wT
j xi ≥ 1− ξij ∀i, j. (2)

Unfortunately, due to the large number of slack variables,
solving this optimization problem exactly is very computa-
tionally intensive. In [9], the number of slack variables is
reduced to n by defining ξi = maxj{ξij}. This simplifies the
form of the optimization problem above, but optimizing the
n × k matrix w remains a time-intensive task as the num-
ber of classes and training examples grows. Recent research
([1],[2],[11]) has focused on finding approximate solutions,
and has resulted in a significant decrease in SVM training
time. Section II discusses the algorithms presented in some
of this recent work. Section III makes note of one way in
which the algorithms presented in [1] and [2] are sub-optimal
and introduces two new algorithms which make use of this
observation. We tested our algorithms on several data sets,
and the results of these tests are presented and analyzed in
Section IV, with additional data provided in the Appendix.
In the process of conducting tests, we stumbled across an
unexpected benefit to our algorithms, which is presented in
Section V. We close with a brief conclusion and discussion of
possibilities for future work.

II. PREVIOUS WORK

In [1], Joachims presents what he calls the “structural
formulation” of the primal (1), which reduces the number of
slack variables from n to 1. For mathematical simplification,
Joachims makes the assumption that b = 0, which can easily
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be reversed by adding a feature of weight 1 to each vector xi.
This formulation can be written as:

minimize 1
2w

Tw + Cξ

subject to 1
n

∑n
i=1 max(0, 1− yiwTxi) ≤ ξ (3)

Joachims shows that (1) and (3) are mathematically equiva-
lent after setting ξ = 1

n

∑n
i=1 ξi, meaning that a vector w∗ is

a solution to one if and only if it is a solution to the other. This
structural formulation made it possible to come up with very
good approximations of the optimal objective value in time
linear with respect to the size of the training set - a significant
improvement upon past performance.

In the years since Joachims introduced this structural for-
mulation, several others have looked to extend and improve
upon his work. One notably successful implementation is
the Optimized Cutting Plane Algorithm for Support Vector
Machines, or OCA. This paper will adopt the notation used
in [2], where the objective function from (3) is given the
name F (w), and the expression on the left hand side of the
constraint, which represents the risk using an L1-loss function,
is dubbed R(w). Rather than solving the problem directly,
Joachims’ cutting-plane algorithm (henceforth referred to as
CPA) creates ever-better approximations Rt(w) of R(w),
where t indicates the number of iterations.

In [1], Joachims conceives of the constraint from (3) as 2n

distinct constraints. Each iteration modifies Rt(w) by taking
into account the “most violated constraint.” In the language of
[2], this corresponds to taking a subgradient of R(w). Given
a choice of w′, the subgradient of interest a′ can be computed
as follows:

a′ = − 1
n

n∑
i=1

πiyixi where πi =
{

1 if yi〈w′,xi〉 ≤ 1
0 otherwise. (4)

Because R is a convex function, for any point w′ and
the corresponding subgradient a′, the linear approximation
R(w′) + 〈a′,w − w′〉 provides a lower bound for R(w).
For notational simplicity, the authors of [2] define b′ =
R(w′) − 〈a′,w′〉, so that R(w) ≥ 〈a′,w〉 + b′. Given a
collection of cutting planes defined by pairs (ai, bi), Rt(w)
is their pointwise maximum (subjected to a non-negativity
constraint): Rt(w) = max(0,max1≤i≤t{〈ai,w〉+ bi}).

One iteration of Joachims’ CPA computes wt+1 by solving
the simplified optimization problem generated by substituting
Rt(w) for R(w). Then at+1 and bt+1 are computed by the
rules above. The algorithm terminates when 1− Ft(wt)

F (wt)
≤ ε, a

constant provided as a parameter to the solver. This guarantees
that F (wt)(1− ε) ≤ F (w∗), where F (w∗) is the solution to
(1).

There are several advantages to this technique. Computing
ai and bi takes O(ns) time. In [1], Joachims proves that the
number of iterations required to reach ε-precision depends only
on ε (he bounds the growth at a rate of O(C/ε)) and not
on the number of training examples n. The time required to
solve the reduced optimization problem grows superlinearly
with the number of iterations, but as the number of constraints
is bounded by a constant independent of n and s, CPA runs in
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Theorem 1 (Teo et al., 2007) Assume that !!R(w)! " G for all w #W , whereW is some domain

of interest containing all wt $ for t
$ " t. In this case, for any " > 0 and C > 0, Algorithm 1 satisfies

the stopping condition (7) after at most
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iterations.

3. Optimized Cutting Plane Algorithm (OCA)

We first point out a source of inefficiency in CPA and then propose a new method to alleviate the

problem.

CPA selects a new cutting plane such that the reduced problem objective function Ft(wt) mono-
tonically increases w.r.t. the number of iterations t. However, there is no such guarantee for the

master problem objective F(wt). Even though it will ultimately converge arbitrarily close to the
minimum F(w&), its value can heavily fluctuate between iterations (Figure 1). The reason for these
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Figure 1: Convergence behavior of the standard CPA vs. the proposed OCA.

fluctuations is that at each iteration t, CPA selects the cutting plane that perfectly approximates the

master objective F at the current solution wt . However, there is no guarantee that such a cutting

plane will be an active constraint in the vicinity of the optimum w&, nor must the new solution wt+1
of the reduced problem improve the master objective. In fact, it often occurs that F(wt+1) > F(wt).
As a result, a lot of the selected cutting planes do not contribute to the approximation of the master

objective around the optimum which, in turn, increases the number of iterations.

To speed up the convergence of CPA, we propose a new method which we call the optimized

cutting plane algorithm (OCA). Unlike standard CPA, OCA aims at simultaneously optimizing the

master and reduced problems’ F and Ft objective functions, respectively. In addition, OCA tries to

select cutting planes that have a higher chance of actively contributing to the approximation of the

master objective function F around the optimum w&. In particular, we propose the following three
changes to CPA.

2162

Fig. 1. The effect of the OCA changes, with objective value on the y-axis.
Note that the CPA overestimate F (wt) fluctuates significantly, while the OCA
overestimate F (wb

t ) decreases monotonically, causing faster convergence.

O(ns) time. Further details and analysis of CPA can be found
in [12].

In [2], the authors note several ways in which CPA is
sub-optimal. Most notably, while the under-estimate Ft(wt)
increases monotonically with respect to t, the over-estimate
F (wt) fluctuates significantly, which can lead to slow rates
of convergence. To solve this problem, a new value wb

t is
defined by wb

t = argminµ≥0F (µwt + (1 − µ)wb
t−1). Note

that for µ = 0, the argument to F is wb
t−1, so we have that

F (wb
t) ≤ F (wb

t−1), and the over-estimate F (wb
t) decreases

monotonically. A visualization of the difference is taken from
[2] and presented in Figure 1. While this modification does not
change the growth rate, O(C/ε), for the number of iterations,
in practice OCA requires many fewer iterations to converge
than CPA does. As a result, OCA training time is significantly
less than that of CPA, often by an order of magnitude or more
[2].

For notational convenience, define f(µ) = F (µwt + (1 −
µ)wb

t−1). The process of finding the value of µ which mini-
mizes f shall be referred as the “line search.” It is shown in [2]
that ∂f(µ) is a piecewise linear function with discontinuities
at n values of µ. Solving ∂f(µ) = 0 requires finding the
points of discontinuity (each one can be computed in O(f)
time), sorting them (which requires O(n log n) time), and then
evaluating the function at some of these points to determine
where ∂f(µ) crosses the x-axis.

In [3], the authors present their multi-class implementation
of OCA. In this formulation w ∈ Rd (rather than Rf ) for some
choice of d, and given a function Ψ : X × Y → Rd, define
the decision function by hw(x) = argmaxy∈Y〈w,Ψ(x, y)〉.
Again, the objective function F (w) is 1

2w
Tw+CR(w), where

risk R(w) is defined by:

1
n

n∑
i=1

maxy∈Y(δ(y, yi) + 〈Ψ(xi, y)−Ψ(xi, yi),w〉) (5)
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and δ(·, ·) is the zero-one loss function. This is a sensible
choice of risk, as a point can only be classified if its con-
tribution to the summand exceeds 1. As a result, this risk
function provides an upper-bound on the average training error
(or empirical risk) Remp(w) = 1

n

∑n
i=1 δ(hw(x), yi).

Vectors wt and wb
t are computed as in the binary case. The

latter computation again boils down to minimizing f(µ) =
F (µwt+(1−µ)wb

t−1). In this case, ∂f(µ) has discontinuities
at n(k− 1)values of µ (recall k = |Y|). Finding each of these
values can be done in O(k2) time, and sorting them can be
done in O(nk log nk) time, so the overall time complexity of
the line search is O(nk2 + nk log nk).

III. IMPROVING UPON OCA

Though the math behind completing the line search for
an optimal value of µ is elegant, the superlinear asymptotic
runtime is an immediate warning flag, as Joachims’ methods
scale linearly with n. It seems that this portion of the OCA
leaves something to be desired. When looking to improve the
OCA algorithm, our primary focus was on developing faster
techniques for choosing a good value of µ.

Using the terminology presented in [2], the CPA presented
in [1] uses µ = 1 for each iteration. While this hastens each
iteration by avoiding a line search, the effect is a notable
increase in the number of iterations required. The thought
which inspired our research is that perhaps finding good
approximations for µ could be done substantially faster than
the complete line search (thus reducing time spent on each iter-
ation), while keeping the number of iterations from increasing
as dramatically as results from simply setting µ = 1.

A. The Grid Search Cutting Plane Algorithm (GCA)

Our initial grid-search cutting-plane algorithm, GCA, rather
than solving analytically for the maximum of f(µ), computes
its value at several points and uses these to make an intelligent
choice. The method by which this choice is made is inspired by
the grid search for optimal parameter values presented in [13].
Given a parameter β ∈ (0, 0.5], GCA computes f(mβ) for
m = 0, 1, . . . b 2

β c. Then, a more refined search is conducted
in the neighborhood of the best choice of mβ, incrementing
by β2 at each step. Finally, a third search occurs in the most
promising region identified by the second pass, incrementing
by β3 at each step. The final output is the value of µ among
those checked which minimized f(µ). This process is detailed
in Algorithm 1, and makes use of a function makePass and a
global variable bestval.

It should be noted that evaluating f(µ) requires O(nk) time,
and that for any choice of β, the number of times that f(µ)
is evaluated is bounded by a constant independent of n, k, C,
or ε. As a result, GCA reduces the asymptotic runtime of the
line search from O(nk2 + nk log nk) to O(nk).

One might be concerned that GCA will get stuck in a
local minimum which is far from the true optimal value of µ.
Fortunately, this cannot occur. The shape of the function f(µ)
is described extensively in [2] and [3]. For the purposes of this
paper, it is enough to note that ∂f , though not continuous,
increases monotonically. In other words, the concavity of f

double makePass(init, max, inc)
µ′ ← init+max

2
for (µ← init;µ < max;µ← µ+ inc) do

if (f(µ) < bestval) then
bestval← f(µ)
µ′ ← µ

end if
end for
return µ′

Algorithm 1 Grid Search Algorithm (GCA)
bestval←∞
µ1←makePass(0,2,β)
µ2←makePass(µ1 − β

2 , µ1 + β
2 , β

2)
µ3 ←makePass(µ2 − β2

2 , µ2 + β2

2 , β
3)

return µ3

never changes: it is always concave-up. As a result, f has no
extraneous local minima for the grid search to find.

The computationally expensive part of the grid search is
repeatedly computing f(µ). If this is done too frequently,
the GCA grid search will run more slowly than the OCA
line search. This was the motivation behind the three-tiered
approach described above. Conducting a single pass at high
granularity would require computing f(µ) too many times.
Conducting a single pass at low granularity would alleviate this
problem, but at the expense of having a very rough estimate for
the optimal value of µ. Instead, GCA essentially “zooms in”
on the most promising sections by conducting high-granularity
searches only in regions where f(µ) is relatively low.

Unsurprisingly, the value of the parameter β has a signif-
icant effect on the efficiency of the grid search. For small
values of β, f(µ) is computed too frequently, leading to poor
performance. For large values of β, f(µ) is evaluated fewer
times, but the precision of the search is worse, so the number
of iterations required to converge is greater. We experimentally
determined that setting β = 0.2 consistently proved to be
a good compromise between these influences. Unfortunately,
even for large values of β (such as 0.5), a naı̈ve grid search
evaluates f(µ) too many times with each iteration, causing
the grid search to be slower than the OCA line search. At a
glance, this seems to spell doom for using a grid-search to
determine µ.

B. An Improved Grid Search (GCA2)

Fortunately, there are ways to get around this problem while
maintaining the core idea of using a grid-search. While GCA
neatly encapsulates the central idea behind the grid-search, it
requires several modifications in order to outperform OCA.
Accordingly, we developed a revised grid-search algorithm,
GCA2, which makes two crucial changes to GCA. These
modifications are displayed in Algorithm 2 (which makes use
of a modified routine makePass2), and described in more
detail below.

The first of these optimizations takes advantage of the
concavity of f by truncating the grid search if f(mβ) <
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double makepass2(init, inc)
µ← init
while (f(µ+ inc) < f(µ)) do

µ← µ+ inc
end while
return µ

Algorithm 2 Modified Grid Search Algorithm (GCA2)
if (uncertainty ≥ t2) then

µ1 ←makepass2(µprev − 1, β)
else µ1 ← µprev
end if
if (uncertainty ≥ t1) then

µ2 ←makepass2(µ1 − β
2 , β

2)
else µ2 ← µprev
end if
µ3 ←makepass2(µ2 − β2

2 , β
3)

if (|µ3 − µprev| ≤ h(uncertainty)) then
decrease uncertainty

else increase uncertainty
end if
µprev ← µ3

return µ3

f((m+ 1)β), as this indicates that the search has passed the
optimal value of µ. The technique ensures that time is not
wasted calculating values of f at points which are increasingly
far from optimal, and is also applied during the second and
third passes of the algorithm. Another advantage to this is that
there is no longer the arbitrary restriction µ < 2.

The second change takes advantage of the observation
that after the first few iterations, the optimal value of µ,
as calculated by the OCA line search, was generally quite
low (certainly below 0.1). In other words, as the algorithm
progressed, wb

t was modified only slightly with each iteration.
As a result, a full grid search (even truncated as described
above), wasted too much time checking large values of µ.
To avoid this, we introduced a new variable, uncertainty,
which essentially determines the width of the search window
for each iteration.

Initially, uncertainty is set at 1, and all three passes
of the line search are conducted. From then on, each iteration
searches values of µ in an interval close the value of µ
selected by the previous iteration. The width of this interval is
determined by the value of uncertainty. There are two
threshold values t1 < t2. If uncertainty > t2, three
passes are conducted. If t1 < uncertainty < t2, the first
(coarsest) search is bypassed, narrowing the search window. If
uncertainty < t1, only the final (most refined) search is
conducted. After each iteration, the value of uncertainty
is adjusted according to how much the optimal value of µ
has changed from the previous iteration to the current one.
If the difference between these is less than a threshold value
h, uncertainty is decreased. Otherwise, it seems possible
that a broader search was needed, so uncertainty is
increased. It is best to make h depend on the width of the

search region (which in turn is a function of uncertainty).
This algorithm takes advantage of the fact that most late

iterations only modify wb
t slightly by saving time when

uncertainty is low, while still allowing the flexibility
of a full grid search when necessary. A summary of the
performance of GCA2 is presented in the following section,
with more complete data provided in the Appendix.

C. The Three-point Cutting Plane Algorithm (TCA)

Inspired by previous work and hoping to take advantage of
the shape of f(µ), we developed a second way to approxi-
mate optimal values of µ, which we refer to as the Three-
point Cutting Plance Algorithm (TCA). This algorithm makes
use of three possibilities for µ, designated low, mid, and
high. These values define a search window which is initially
centered at the value of µ selected by the previous iteration.
The width of the initial window is determined by the variable
uncertainty. If f(mid) is less than both f(low) and
f(high), this indicates that the optimal value of µ lies within
the current search region, so the search region is narrowed by
shifting the values low and high towards mid. If f(low)
is smaller than the other values, then our current search region
is to the “right” of the optimal value of µ, so the entire window
is shifted left. Similarly, if f(high) is the smallest value, the
search region is shifted right. This continues until the width of
the window, high−low, is less than a prescribed parameter
γ, at which point we set µ = mid.

When designing the algorithm, two aspects of it were
tweaked to determine what provided the best performance.
The first was, unsurprisingly, the parameter γ. The second
was the amount by which low and high are shifted inwards
when f(mid) is the lowest value. In general, the values were
computed to be a weighted average of their previous values
and mid. As is displayed in Algorithm 3, the relative weights
of these points, αl and αh, are computed using a function
g which takes as input f(mid) and f(low) or f(high),
respectively. Intuitively, the closer f(low) is to f(mid), the
less the point low should move, and so the larger the weight
for αl. After some experimentation, it was determined that
γ = 0.02, g(x, y) = (xy )2 provided good performance. Our
implementation uses the equation h(x) = x/2 to determine
whether to increase or decrease uncertainty.

IV. EXPERIMENTAL RESULTS

Tests were primarily run on two data sets, both
available from the LIBSVM data sets website
(http://www.csie.ntu.edu.tw/ecjlin/libsvmtools/datasets/).
The first, Covtype, provided cartographic data on sections of
forest, and classified each location based on the dominant
form of tree cover. The training set consists of 581012
examples, each with 54 features, divided into 7 classes. All
features were linearly scaled to take values in the range
[0,1]. The second data set, MNIST, presents a hand-written
digit recognition problem. The training set consists of 60000
examples, each with 780 features, divided into 10 classes. An
additional data set, RCV1, which uses data from the Reuters
corpus and was also obtained from the LIBSVM website,
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Algorithm 3 Three-point Cutting Plane Algorithm (TCA)
low ← µprev − uncertainty
mid← µprev
high← µprev + uncertainty
while (high− low > γ) do

if (f(low) < f(mid)) then /* shift search left */
high← mid
mid← low
low ← 2 ·mid− high

else if (f(high) < f(mid)) then /* shift search right */
low ← mid
mid← high
high← 2 · low −mid

else /* contract search window */
αl ← g(f(mid), f(low))
αh ← g(f(mid), f(high))
low ← mid+αl·low

1+αl

high← mid+αh·high
1+αh

end if
end while
if (|mid− µprev| ≤ h(uncertainty)) then

decrease uncertainty
else increase uncertainty
end if
µprev ← mid
return mid

was used for some experiments. Its test set (which we used
for training) contains 518571 examples, each consisting of
47236 features. These examples are divided into 53 classes.
Because the focus of this project is on data sets which require
significant training time, these data sets were selected from
the LIBSVM site primarily because they were among the
largest. All tests were run on a Linux VirtualBox machine
installed on a 2.8 GHz Intel Core i7 processor with 8 GB
main memory.
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Fig. 2. Performance on Covtype, normalized to OCA performance. Note that
search time, the focus of GCA2 and TCA, is reduced by 60-70%, causing an
improvement in time of about 40%.

A. Results Using Default Parameter Values

The graphs in Figures 2 and 3 show results when using the
default parameter values of C = 1, ε = 0.01. Search Time
represents the total time spent determining which value of
µ to use for each iteration. All tests reached the termination
criteria 1− Ft(w

b
t )

F (wt)
< ε, and classification performance for the

three models was equivalent (OCA, GCA2 and TCA error rates
were 35.92%, 35.90%, and 35.84%, respectively, on Covtype,
and 5.57%, 5.56%, and 5.56% on MNIST). Data from more
experiments, along with discussion of the effect of changing
these parameters, follows in sections IV-B, IV-C, and the
Appendix.

The algorithms GCA2 and TCA notably outperform OCA
on both of the primary data sets. On MNIST, the total time
spent finding a good value for µ decreased by over 70%
for both algorithms, causing the time spent per iteration to
decrease by just over 16%. As the number of iterations
increased by only 2-3%, the net effect was approximately
a 14% improvement in training time. On Covtype, results
were even better: both algorithms take over 38% less time to
train than OCA. This is achieved by reducing the time spent
selecting µ by over 65-70% while increasing the number of
iterations by less than 10%.

It is not surprising that GCA2 and TCA perform relatively
better on Covtype than on MNIST, as the OCA line search
consumes over 56% of the total time on the former, and only
21% of the total time on the latter. When tested on RCV1
the three algorithms performed equivalently (slight fluctuations
from one trial to the next caused variation in which algorithm
terminated first). It is unsurprising that GCA2 and TCA do
not improve upon OCA in this case, as under 8% of OCA
training time was spent on the line search. It is natural to
ask what causes this discrepancy, since understanding it would
make it possible to determine (without explicitly running tests)
whether or not the algorithms presented in this paper were
likely to provide a significant reduction in training time on a
particular data set.
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Fig. 3. Performance on MNIST, normalized to OCA performance. Note that
despite improving search time by over 70%, GCA2 and TCA training times
do not decrease as substantially as for Covtype.
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B. Examining the Number of Features

It should be noted that RCV1, for which the line search
consumed only 7.8% of the total time, has over 47000 features.
On MNIST, which makes use of 780 features, 21% of the total
time was devoted to the line search. Covtype, meanwhile, uses
only 54 features, and the line search consumes 56% of the total
time. This pattern seemed worth examining more closely.

From a theoretical perspective, the OCA line search consists
of computing O(nk) values of µ where the gradient of f(µ)
might have a discontinuity, and then sorting these values.
While time spent on the initial computation depends on the
number of features used, the line search time is dominated by
the sorting of the values [2], which takes time dependent only
on n. Accordingly, while time spent on the line search is not
technically independent of the number of features s, for data
sets with a large number of training examples (which are the
only ones of relevance for this paper), the time spent on the
line search should not be greatly affected by the number of
features. Other portions of the algorithm, however, take time
scaling linearly with s. As a result, the fraction of training
time spent on the line search should increase as the number
of features decreases.

In order to test this hypothesis, we created new training sets
from the RCV1 test set and MNIST training set. These training
sets contained all of the original data points, but left out many
of the original features. We then ran the OCAS solver on each
of these new data sets. The results, using C = 10, ε = 0.01
for MNIST and C = 1, ε = 0.01 for RCV1, are shown in
Figure 4.

As the number of features decreases, the total time spent per
iteration decreases, while the time spent during each iteration
on the line search remains fairly constant. As a result, the
percentage of the total time spent on the line search increases
notably. Because GCA2 and TCA focus on improving the
OCA line search, this indicates that these methods will out-
perform OCA by the most on data sets with relatively few
features.

Of course, one cannot arbitrarily reduce the dimensional-
ity of a data set without potentially reducing classification
performance. Because decreasing numbers of features are
accompanied by decreasing training time, there is already a
notable incentive to conduct research into how best to identify
and remove less informative features early in the classification
process. This paper does not seek to develop techniques to
accomplish this. Instead, we stop at noting which data sets
are most impacted by GCA2 and TCA modifications, and ob-
serving that if techniques for the elimination of uninformative
features improve, the algorithms presented here will become

Features % Search Features % Search
780 18.8 4373 30.0
473 25.1 2368 31.9
337 36.7 676 42.5
139 57.2 186 56.4

Fig. 4. For both MNIST (left) and RCV1 (right), as the number of features
increases, the percentage of training time spent on the OCA line search
increases.

relatively more advantageous.
It seems likely that a more thorough examination of this

phenomena, rather than looking at the raw number of features
s for a data set, should consider how s compares with
the number of training examples n, as this value crucially
determines run-times for various parts of the algorithm. We
leave this for future research.

C. Effects of Parameters C and ε

It should be noted that the percentage of the training time
spent on the line search depends not only on the data, but also
on the parameters used when solving.

If the tolerance ε is very small, then the program will
have to go through more iterations to obtain the desired
accuracy. Because the set of constraints grows with the number
of iterations, the amount of time required to solve these
constraints (referred to as Quadratic Programming, or QP,
Time) grows super-linearly with respect to the number of
iterations. The other steps of the algorithm, including the line
search, require a constant amount of time per iteration. This
is shown in Figure 5. As a result, as ε decreases, QP time
comes to dominate the training time, and so the percentage of
the process spent on the line search decreases. Accordingly,
methods which aim to decrease training time by focusing on
the line search, such as GCA2 and TCA, are less likely to
demonstrate a notable reduction in training time.

At some point, any additional iterations required as a
result of sub-optimal determination of µ should outweigh
the reduced time spent on the line search, causing OCA to
outperform GCA2 and TCA. It should be noted, however,
that classification accuracy universally converges to its final
value for values of ε much greater than this threshold value.
Correspondingly, there is no need for the user of the program
to set ε to values low enough to cause this behavior.

Unsurprisingly, given the bound of O(C/ε) on the number
of iterations, increasing C has a similar effect to decreasing ε.
Thus, for sufficiently large values of C, time spent solving the

Covtype Time per Iteration
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Fig. 5. Covtype Time Breakdown. As ε decreases, the number of iterations
required to converge increases. While most steps in the algorithm take a
constant amount of time per iteration, this causes time spent solving the
reduced optimization problem, QP Time, to increase dramatically.
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Fig. 6. Effect of C on Iterations Ratio. As the regularization constant C
increased, the ratio of iterations required by GCA2 and TCA to the number
required by OCA decreased. Thus, even as search time becomes a negligible
fraction of training time, these new algorithms continue to outperform OCA.

quadratic programming problem dwarfs all other components.
Interestingly, however, increasing C sometimes has another
effect on the training times for the three algorithms being
discussed. On the Covtype data set, as C grows very large,
OCA becomes increasingly likely to use µ = 0 for many
consecutive iterations. For reasons described in the following
section, this frequently results in GCA2 and TCA terminating
in fewer iterations than OCA. Thus, even for values of C
where time spent on the line search comprises a negligible
fraction of the total time, GCA2 and TCA may improve upon
the the performance of OCA. Figure 6 displays the relative
number of iterations for GCA2 and TCA (when compared to
OCA) for different values of C (logarithm for x-axis is base
10). Tables showing the full results of tests run with different
values of C and ε are provided in the Appendix.

V. ANOTHER BENEFIT TO GCA2 AND TCA

When seeking an approximate solution to the primal op-
timization problem (1), both CPA and OCA use a greedy
approach: each iteration attempts to reduce the objective value
by as much as possible. Since the ultimate goal is to find an
objective value within a tolerance ε of the optimal value, this
is a reasonable approach. It should be noted, however, that
choices for wb

t have a notable impact on values of wb
i for

i > t. This means that a slightly “worse” choice of wb
t during

the current iteration may result in better options in the future,
and lead to faster convergence.

Recall that in OCA, wb
t is found by searching along a line

between wb
t−1 and wt. Thus, the following section will discuss

finding optimal values of µ (rather than wb
t ), as the two are

equivalent.
The inspiration for GCA2 and TCA was that by approximat-

ing the optimal value of µ, rather than finding it exactly, the
time spent on each iteration of the algorithm would decrease.
It was assumed that there was a tradeoff: in return for reducing
the time per iteration, the values of µ that were found would
not be as good as those found with OCA, and as a result

the above two algorithms would require more iterations to
converge. While this is often the case, for a notable number of
experiments, GCA2 and TCA terminated after fewer iterations
than OCA (in addition to requiring less time per iteration).
This is only possible because of the observation that all of the
algorithms presented in this paper use a greedy solution to a
problem which is not inherently greedy.

The above observation is only interesting if it is possible to
identify values of µ which will be particularly good or bad for
future convergence. In general, this is difficult. Nevertheless,
there is one value of µ which has a clear drawback. Note that
if µ = 0, wb

t = wb
t−1. While it is true that wt and wt+1 will

be different (so the algorithm will never truly get “stuck”), if
µ = 0 for many iterations in a row, the algorithm has spent all
of those iterations without improving its best so-far solution.

Perhaps the data set which best illustrates this
danger is “Poker,” which can be obtained from
the UCI machine learning repository of data bases
(http://archive.ics.uci.edu/ml/datasets.html). It contains
eight million example 5-card poker hands, with ten features
used to describe each (the suit and rank of each card). There
are 10 class labels, which describe the quality of the hand
(high card, pair, two pairs, etc). When run on this data set
with the default values of C = 1, ε = 0.01 TCA and GCA2
converged in 234 and 235 iterations, respectively, while OCA
required 1454 iterations and took over twelve times as long
to find an equivalent solution. Upon further investigation,
it became apparent that the concern noted above (namely,
repeatedly determining µ = 0 to be optimal) was precisely
what caused OCA to perform so poorly. For 1451 consecutive
iterations of OCA, µ = 0 was computed to be optimal.
Thus, wb

t remained at its default value, 0, and classification
error was 100%. Because of the way that GCA2 and TCA
are implemented, these algorithms tended to find small (but
nonzero) values for µ, and thus avoided the trap into which
OCA fell.

Interestingly, this problem can be avoided by a very simple
fix. After modifying OCA to arbitrarily set µ = 0.02 for
the first five iterations (after which it returned to its usual
line search), the algorithm terminated in 231 iterations, with
comparable objective value and classification performance to
GCA2 and TCA.

The fact that for ε > .011, OCA terminated without ever
modifying w serves as a potent reminder that while solving
the primal problem and achieving accurate classification score
are often linked (and most SVMs are compared on the basis
of their respective objective values), it is possible to succeed
at the first without making notable progress on the second.

It should be noted that for many reasons, the Poker data
set is not well-suited to multi-class SVM classification. With
so few features relative to the number of examples, the SVM
is unable to learn a good model - the best it can do is to
get about 50% correct. Even this is unimpressive, as over
92% of the examples belong to two of the classes, and so
the final predictions are no better than simply assigning the
most common label to every hand.

We argue that the limitations of the Poker data set should
not undermine the validity of the observations above. The first
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reason for this is that even if it is not possible to achieve high
classification accuracy, one would hope to achieve the best
result possible in relatively few iterations. The second is that
while Poker was selected because it provides a particularly
glaring example of this concern, the same issue arises when
working with other data sets.

To prove this point, we examined the trials run on the
Covtype data set, with C = 100, ε = 0.01. In this case, OCA
requires 744 iterations to converge, while GCA2 and TCA
require 686 and 603, respectively. Upon investigation, it was
determined that on 490 of the 744 OCA iterations (or 66%),
the optimal value of µ was determined to be 0. After modifying
the code so that any time µ = 0 was determined to be optimal,
µ was instead set to 0.02, OCA terminated in 569 iterations.

These results indicate that the shortcomings of the greedy
approaches used by all cutting plane algorithms described in
this paper may, in some cases, be quite significant. The quick
fixes mentioned here may not be the best way to avoid these
concerns, and an investigation into better ways to approach this
problem would be fascinating and potentially very useful. Such
an exploration, however, is beyond the scope of this paper. For
our purposes, it suffices to note that while setting µ = 0 may
not always be problematic, repeatedly choosing doing so can
result in poor performance.

VI. CONCLUSION AND FUTURE WORK

In this paper, we have observed that the line search used
to compute the best-so-far solution wb

t at each iteration
of the OCA algorithm is fairly computationally costly. We
present two new algorithms, GCA2 and TCA, designed to
approximate this solution in a substantially shorter amount of
time. These solutions reduce the asymptotic run-time for the
search from O(nk2 +nk log nk) to O(nk), and demonstrate a
notable decrease in training time when tested empirically. Both
algorithms reduce the search time by 65-75% while seeing
an increase in the number of iterations of approximately 3%.
On the two primary data sets used for our tests, Covtype and
MNIST, the net effect was a decrease training time by roughly
39% and 14%, respectively.

Additionally, we have examined and analyzed the ways in
which the regularization constant C, the tolerance ε, and the
number of features in the training set impact the performance
of GCA2 and TCA relative to that of OCA. For reasonable
choices of C and ε, the number of features present in a
data set was shown to significantly impact the percentage of
OCA training time spent on the line search: search time was
relatively independent of the number of features, while other
portions of the algorithm became significantly slower on data
sets with large numbers of features. As a consequence of this
fact, GCA2 and TCA are most beneficial on large data sets
with relatively few features.

Perhaps one of the most interesting observations was that
while GCA2 and TCA do not find the optimal choice of wb

t

at each iteration, for some data sets they converge in fewer
iterations than OCA, occasionally by quite a significant mar-
gin. This suggests that the approach of reducing the objective
function by as much as possible at each iteration can yield

far-from-optimal rates of convergence. An open question for
future investigation is which greedy choices are problematic
and whether there are better methods for choosing wb

t than
the approaches that have so far been employed.

Finally, it is worth noting that while the experiments used
for this paper were restricted to multi-class classification tasks,
the conceptual ideas presented in this paper apply equally well
to binary and multi-class problems. It would be informative
to conduct tests on binary data sets, to see whether empirical
results are are similar in the binary and multi-class cases. In
addition to observing whether GCA2 and TCA cause training
times to decrease by comparable ratios to those reported in
this paper, we would like to investigate whether the cases
where GCA2 and TCA terminate in fewer iterations than OCA
are more or less prevalent when solving binary classification
problems.
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